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ABSTRACT
We review previous work on neutrino mass textures in gauge theories. Such textures may arise
as a result of flavour symmetries. In a given theory, it is possible to give a classification of heavy
Majorana neutrino mass matrices, assuming the Dirac masses of the neutrinos to be of the same
form as the ones of the up-quarks. Heavy Majorana neutrino mass matrices leading to large
neutrino mixing, are tabulated as an example. Such solutions are now of interest, in the light
of the Super-Kamiokande data.
1 Introduction
Although the Standard Model successfully describes the strong and electroweak phenomena,
there are still various open questions, mainly related to the origin of fermion masses and mixing
angles. An obvious way to explain the observed hierarchies that we see at low energies, would
be to assume that some symmetry (additional to that of the Standard Model) is responsible for
these patterns. An indication that such additional symmetries are present, has been the obser-
vation that the fermion mixing angles and masses have values consistent with the appearance
of “texture” zeros in the mass matrices [1, 2].
On the other hand, neutrino data from several experiments (including recent results from Super-
Kamiokande[3]) seem to require certain mixings between various types of massive neutrinos. For
these, similar hierarchies are to be expected. In the framework of the Standard Model, neutrinos
are massless, since both Dirac and Majorana masses are forbidden by the particle content and the
symmetries of the theory: A Dirac mass term m(ν¯LνR+ ν¯RνL) does not arise, due to the absence
of right handed neutrinos. In addition, although neutrinos do not carry charge, a Majorana term
mνTLσ2νL which would violate lepton number is also forbidden because it is not SU(2) invariant
(this term transforms like an I = 1 object under SU(2)). However, in GUTS, the symmetries
of the theory allow the presence of such terms. Moreover, it is possible to add (at least) one
right handed particle in the models, thus raising the possibility of a Dirac mass term as well. If
1Lecture given by J.D.Vergados, Erice 1997, published in Progress in Particle and Nuclear Physics 40
(1998) 71.
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both a Dirac mass and a Majorana mass (for the isosinglet) neutrino are present, the See-Saw
mechanism may explain the lightness of neutrinos relative to the charged fermions.
The most general neutrino mass matrix for three flavours for both the isodoublet and isosinglet
neutrinos in the current eigenstate basis
χ0R = (ν
0c
R , ν
0
R) (1)
χ¯0L = (ν¯
0
L, ν¯
0c
L ) (2)
takes the form
M =
(
ML D
DT MR
)
, (3)
where M a complex symmetric matrix. The submatrix ML describes the masses arising in the
left-handed sector, D is the usual Dirac mass matrix and MR contains the entries in the right-
handed isosinglet sector. The mass eigenstates are given by νR = U
Rχ0R, νL = U
Lχ0L, U
R being
a unitary matrix that diagonalizes M from the right and UL = (UR)∗ × exp(iλ) . exp(iλ) is a
diagonal matrix of phases(CP-parities of the eigenstates. For a real symmetric matrix the signs
of the corresponding eigenvalues) [4].One rarely deals with the 6 × 6 matrix. In practice one
deals with MR amd m
eff
ν (’see-saw’ mechanism,see sect.2)
Massive neutrinos have important implications for both particle physics and cosmology. The
models which admit neutrinos with the desired properties are usually severely constrained,
therefore any experimental evidence about neutrino masses and mixing will be a powerful probe
of physics beyond the standard model.
There are however experimental limits on the masses and mixing of neutrinos.
• Searches for neutrino masses in β decays give the limit mνe ≤ 7.3 eV.
• Constraints on the mass of νµ are derived via the decay process
π+ → µ+ + νµ.
Then, a bound mνµ ≤ 170 keV is derived.
• In a similar manner, the ντ is constrained by the process
τ− → 2π+3π−π0ντ
to be ντ ≤ 24 MeV.
• An important constraint on Majorana neutrino masses for the electron neutrino, arises from
searches for neutrinoless double β decay [4]
d+ d→ u+ u+ e+ e.
This process involves violation of lepton number by two units.The most popular scenario involves
intermediate Majorana neutrinos (where the particle is the same as its antiparticle). It can also
occur via many other mechanisms(intermediate exotic scalars,R-parity violating interactions
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etc).These other processes ,however, necessarily imply that the neutrino is a majorana particle.So
observation of this process will show that the neutrinos are majorana particles. No signal has
been seen so far, which constrains the magnitude of a possible mass term to be less than a few
eV .
• If neutrinos are massive, the current eigenstates, νi, can be written as superpositions of the
physical particles, νa
νi(t) =
∑
a
Uiaνa, (4)
where νi are the current and νa the mass eigenstates respectively and Uia is a unitary ma-
trix which diagonalizes the neutrino mass matrix. The evolution equation of a purely current
eigenstate at t = 0 is then
νi(t) =
∑
a
e−iEatUiaνa, (5)
If the neutrino masses are not equal, neither are the energies Ea. This implies that at a subse-
quent time, νi(t) will be a new superposition of the physical eigenstates than this of eq. 5 and
that there is a non-zero probability of finding an eigenstate νi
′ in a beam which was purely νi.
In this framework, accelerator experiments provide strong bounds on the mixing between νe and
νµ [5], as well as between ντ and νµ [6].
• Finally, the LEP experiment on the Z0 width [7] limits the number of light (m ≤ (MZ0/2))
neutrino doublet fields to three. This bound is also restrictive for other fields that may couple
to the Z0, such as doublet and triplet Majorons.
If the neutrinos are light, neutrino oscillation experiments are the best candidates to measure
the small mass differences δm2 (from 1eV 2 down to 10−10eV 2). Moreover, neutrino oscillations
may explain the solar neutrino problem. The mechanism of neutrino oscillations is only effective
for large neutrino mixing. However, due to the high density conditions encountered in the
sun, the oscillation can be amplified by the MSW effect [8]. The data from the solar neutrino
experiments can thus be described either by assuming resonant transitions (MSW-effect) or
vacuum oscillations. These require the following ranges for masses and mixing angles:
a) The small mixing angle solution for the MSW effect requires
δm2νeνα ≈ (0.6− 1.2) × 10−5 eV2 (6)
sin22θαe ≈ (0.6− 1.4) × 10−2 . (7)
b) Vacuum oscillations can solve the solar neutrino puzzle if
δm2νeνα ≈ (0.5 − 1.1)× 10−10 eV2 (8)
sin22θαe ≥ 0.75 , (9)
where α is µ or τ . The most natural solution in unified models is obtained through the MSW–
mass and mixing angle ranges. This solution in particular requires a light neutrino Majorana
mass of the order
m⊙ ≈
√
δm2 ≈ 3.0× 10−3eV , (10)
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as already given in (6). Such ultra light masses can be generated effectively in GUT’s [9] and
SUSY – GUT’s [10] by the well known ‘see–saw’ mechanism [11].
In addition, the atmospheric neutrino problem can be resolved, in the presence of a large mixing
and a small mass splitting involving the muon neutrino [12]. In this case, bounds from accelerator
and reactor disappearance experiments indicate that for νe − νµ or ντ − νµ oscillations
δm2νανµ ≤ 10−2 eV2 (11)
sin22θµα ≥ 0.51 − 0.6 (12)
where α stands for e, τ and in (12) the larger lower limit for sin22θµα refers to νµ−ντ oscillations.
Finally, neutrinos are possible candidates for structure formation provided they have a mass of
order O(eV). This value can be consistent with the bounds from neutrinoless double beta (ββ0ν)
decay. In terms of the neutrino masses and mixing angles, the relevant ββ0ν measurable quantity
can be written as
| < mνe > | = |
3∑
i
(Uei)
2mνie
iλi | ≤ 1eV , (13)
where eiλi is the CP-parity of the ith neutrino, while Uei are the elements of the unitary transfor-
mation relating the weak and mass neutrino eigenstates(the masses mνi are positive). It appears
therefore, that satisfying all the experimental data demands nearly degenerate mass eigenstates
mνi ≈ m0, i = 1, 2, 3 [13]. Indeed, structure formation in the Universe and the COBE data
requires
∑
imi ≈ 3 eV, thus setting the scale of the masses. A solution to the atmospheric and
solar neutrino deficits, requires the involved masses to be very similar. In this case the ββ0ν
bound may be respected due to mutual cancellations in (13) by opposite CP–phases eiλi .
Passing to neutrino mixing, we see that it may occur either purely from the neutrino sector of
the theory, or by the charged lepton mixing. Indeed, in complete analogy to the quark currents
the leptonic mixing matrix is Vtot = VℓV
†
ν where Vℓ diagonalizes the charged lepton mass matrix,
while Vν diagonalizes the light neutrino mass matrix. In the former case the mixing is typically
too small to have any impact on the atmospheric neutrino problem, but may still account for
the solar neutrino problem. In the latter case, the mixing may be such as to account for both
deficits.
In the simplest scheme with only one large mixing angle, one has two possibilities:
1) The solar neutrino problem is resolved by νe − νµ oscillations and the atmospheric neutrino
problem by νµ − ντ oscillations. For this possibility to be viable, we need a large mixing angle
in the 2-3 entries.
2)The solar neutrino problem is resolved by νe − ντ oscillations and the atmospheric neutrino
problem by νe − νµ oscillations. In this case the large angle should be in the 1-2 entries.
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2 Derivation of textures from U(1) symmetries
Extensions of the Standard Model with additional U(1) symmetries can describe the hierarchy
of fermion masses and mixing angles, including neutrinos. An example is the model proposed by
Ibanez and Ross [14]. The structure of the mass matrices is determined by a family symmetry,
U(1)FD. The need to preserve SU(2)L invariance requires left-handed up and down quarks
(leptons) to have the same charge. This, plus the additional requirement of symmetric matrices,
indicates that all quarks (leptons) of the same i-th generation transform with the same charge
αi(ai). The full anomaly free Abelian group involves an additional family independent compo-
nent, U(1)FI , and with this freedom U(1)FD is made traceless without any loss of generality. If
the light Higgs, H2, H1, responsible for the up and down quark masses respectively, have U(1)
charge so that only the (3,3) renormalisable Yukawa coupling to H2, H1 is allowed, then only
the (3,3) element of the associated mass matrix will be non-zero. The remaining entries are
generated when the U(1) symmetry is broken. After this breaking, the mass matrix acquires its
structure. Different scales M1 and M2 are expected for the down and up quark mass matrices,
which couple to different Higgs fields. The lepton mass matrix is determined in a similar way
and for bottom-tau unification one has the picture
Mu
mt
≈


ǫ|2+6a| ǫ|3a| ǫ|1+3a|
ǫ|3a| ǫ2 ǫ1
ǫ|1+3a| ǫ1 1

 , Mdmb ≈


ǫ¯|2+6a| ǫ¯|3a| ǫ¯|1+3a|
ǫ¯|3a| ǫ¯2 ǫ¯1
ǫ¯|1+3a| ǫ¯1 1


Mℓ
mτ
≈


ǫ¯|2+6a−2b| ǫ¯|3a| ǫ¯|1+3a−b|
ǫ¯|3a| ǫ¯|2(1−b)| ǫ¯|1−b|
ǫ¯|1+3a−b| ǫ¯|1−b| 1


The choices ǫ¯ ≡ (<θ>
M1
)|α2−α1| ≈ 0.23, ǫ ≡ (<θ>
M2
)|α2−α1| ≈ ǫ¯2, a = α1/(α2 − α1) = 1 and
β ≡ (α2 − a2)/(α2 − α1) = 1/2, 0 give an excellent phenomenological description.
How are neutrino mass matrices included in such a picture? The first step is to determine
the Dirac and heavy Majorana mass matrices. In a scheme where we add three generations of
right-handed neutrinos, the light Majorana neutrino mass matrix is then given by
meffν = (m
D
ν )
T · (MMνR)−1 ·mDν (14)
SU(2)L fixes the U(1)FD charge of the left-handed neutrino states to be the same as the charged
leptons. The left- right- symmetry then fixes the charges of the right-handed neutrinos to be
the same as the left-handed ones. Therefore, the neutrino Dirac mass is [15]
MDνR
mντ
≈


ǫ|2+6a−2b| ǫ|3a| ǫ|1+3a−b|
ǫ|3a| ǫ|2(1−b)| ǫ|1−b|
ǫ|1+3a−b| ǫ|1−b| 1

 (15)
Of course the mass matrix structure of neutrinos is more complicated, due to the possibility
of Majorana masses for the right-handed components. These arise from a term of the form
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νRνRΣ where Σ is a SU(3) ⊗ SU(2) ⊗ U(1) invariant Higgs scalar field with IW = 0 and νR
is a right-handed neutrino. The possible choices for the Σ U(1)FD charge will give a discrete
spectrum of possible forms for the Majorana mass, MMν [15, 16], whose expansion parameter is
the same as the one for the down and lepton mass matrices [15]. ¿From this previous work, a
single Σ field has been used and the main conclusions were the following: (a) in schemes where
Σ = ˜¯νR ˜¯νR the heavy Majorana mass scale is typically 10
13−1014GeV , leading to light neutrinos
between O(4 − 0.4)eV for a top quark of O(200)GeV [15]. (b) in a particular scheme [16], the
mixing in the (2,3) entries can be quite large. However: (c) in none of the cases does the light
Majorana mass matrix have degenerate eigenvalues (d) then, for a single Σ field, the structure
of the heavy Majorana and Dirac mass matrices results in an even larger mass spread for the
light Majorana neutrino masses
However, in principle there is no reason why this particular conclusion in the simplest extension
of the Standard Model, should apply in the case of a more complicated symmetry or with more
than one pair of singlet fields, Σ, Σ¯ present in the theory [17]. Since in such a case there are
many possible patterns, instead of making a complete search based on symmetries, it was easier
to work in the opposite way [17], that is: (i) Assume that the neutrino Dirac mass matrix is
proportional to the u-quark mass matrix. Here, we had looked at the five realistic pairs of
texture zero patterns for the quark mass matrices found in [18]. For completeness, these appear
in table 1. (ii) Study all possible Majorana neutrino mass matrices with the maximal number
of zeroes, that lead to a large mixing angle and small mass splitting between the neutrinos 2.
(iii) Motivate these phenomenological solutions from symmetries.
3 Textures for Heavy Majorana mass matrices
Using the Dirac mass matrices from the previous table, one may look for the structure of the
heavy Majorana mass matrices that lead to meff with one large angle to solve the atmospheric
neutrino. Let us start with an atmospheric neutrino mixing residing in the 2-3 submatrix. The
mixing then can be parametrised as
Vν =


1 0 0
0 c1 −s1
0 s1 c1

 (16)
Then m−1eff = Vνm
−1diag
eff V
T
ν will have the form
m−1eff =


1
m1
0 0
0
c2
1
m2
+
s2
1
m3
c1s1(
1
m2
− 1
m3
)
0 c1s1(
1
m2
− 1
m3
)
c2
1
m3
+
s2
1
m2

 ≡


a 0 0
0 b d
0 d c

 . (17)
where mi are the eigenvalues of meff . One sees that for b = c = 0 and a = d, three degenerate
neutrinos and maximal (2-3) mixing is obtained. Then, the heavy Majorana mass matrix is
2 See also [19].
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Solution Yu,m
D
ν Yd
1


0
√
2λ6 0√
2λ6 λ4 0
0 0 1




0 2λ4 0
2λ4 2λ3 4λ3
0 4λ3 1


2


0 λ6 0
λ6 0 λ2
0 λ2 1




0 2λ4 0
2λ4 2λ3 2λ3
0 2λ3 1


3


0 0
√
2λ4
0 λ4 0√
2λ4 0 1




0 2λ4 0
2λ4 2λ3 4λ3
0 4λ3 1


4


0
√
2λ6 0√
2λ6
√
3λ4 λ2
0 λ2 1




0 2λ4 0
2λ4 2λ3 0
0 0 1


5


0 0 λ4
0
√
2λ4 λ2/
√
2
λ4 λ2/
√
2 1




0 2λ4 0
2λ4 2λ3 0
0 0 1


Table 1: Approximate forms for the symmetric textures.
given by MνR = m
†
D ·m−1eff ·mD and can be easily found once we know mD. In many unified
models, the Dirac neutrino mass is predicted to have the same structure as the up-quark mass.
Ramond, Roberts and Ross tabulated the quark textures with the maximal number of zeros, that
are consistent with low energy data [18]. Then, we can derive the forms of the heavy Majorana
mass matrices that lead to a large mixing, for these solutions [17]. The case of large 2-3 mixing
is presented in tables 2 and 3. Textures arising from a large mixing in the 1-2 submatrix appear
in table 4. Here m−1eff takes a form similar to (17), where the off diagonal elements, d, appear
in the 1-2 submatrix.
Let us now pass to a discussion of the phenomenology induced by the forms of m−1eff that have
been quoted. We investigate the case of a large mixing in the 2-3 submatrix. The case of large
mixing in the 1-2 submatrix is very much the same and leads to analogous conclusions.
There are two possibilities for texture zero solutions: b = 0 or c = 03 that follow.
(i) c = 0
This constraint suggests a rewriting in terms of the parameter ξ = −m2
m3
> 0. Then
c1 =
1√
1 + ξ
, s1 =
√
ξ√
1 + ξ
, (18)
3The case b = c = 0 e.g. has been already discussed for the Dirac mass matrix pattern 3 of table 1 in
section 4 and implies ξ = 1, is therefore in accordance with (29).
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Solution MνR Comments
1a


0 0 d
c
√
2λ6
0 2a
c
λ12 d
c
λ4
d
c
√
2λ6 d
c
λ4 1

 for b = 0
1b


2 b
d
λ8
√
2 b
d
λ6
√
2λ2√
2 b
d
λ6 b
d
λ4 + 2a
d
λ8 1√
2λ2 1 0

 for c = 0
2


0 d
c
λ8 d
c
λ6
d
c
λ8 λ4 + a
c
λ12 λ2[+d
c
λ4]
d
c
λ6 λ2[+d
c
λ4] 1[+2d
c
λ2]

 for b = 0
3a


0
√
2λ4 0√
2λ4 b
d
λ4 1
0 1 2a
d
λ4

 for c = 0
3b


2λ8
√
2d
c
λ8
√
2λ4√
2d
c
λ8 0 d
c
λ4√
2λ4 d
c
λ4 1 + 2a
c
λ8

 for b = 0
4


0 d
c
√
2λ8 d
c
√
2λ6
d
c
√
2λ8 λ4[+2
√
3d
c
λ6] + 2a
c
λ12 λ2[+(1 +
√
3)d
c
λ4]
d
c
√
2λ6 λ2[+(1 +
√
3)d
c
λ4] 1[+2d
c
λ2]

 for b = 0
5


0 λ6 12λ
4
λ6
√
2λ4 1+2
√
2
4 λ
2[+ b
d
1√
2
λ4]
1
2λ
4 1+2
√
2
4 λ
2[+ b
d
1√
2
λ4] 1[+ b
d
λ2
2
√
2
] + a
d
1√
2
λ6

 for c = 0
Table 2: The texture zero solutions of the Majorana mass matrices associated with each
of the Dirac mass textures of table 1 with a large mixing in the 2-3 submatrix. We present
here cases where either b = 0 or c = 0. The non-leading powers are in brackets except for
the terms containing the parameter a = 1
m1
.
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Solution MνR Comments
1


0 0
√
2 dλ6
0 2 aλ12 dλ4√
2 dλ6 dλ4 0

 for b = c = 0
2


0 dλ8 dλ6
dλ8 aλ12 dλ4
dλ6 dλ4 2 dλ2

 for b = c = 0
3


0
√
2 dλ8 0√
2 dλ8 0 dλ4
0 dλ4 2 aλ8

 for b = c = 0
4


0
√
2 dλ8
√
2 dλ6√
2 dλ8 2
√
3 dλ6 + 2 aλ12 dλ4 +
√
3 dλ4√
2 dλ6 dλ4 +
√
3 dλ4 2 dλ2

 for b = c = 0
5


0
√
2 dλ8 d λ
6√
2√
2 dλ8 2 dλ6 d λ
4
2 +
√
2 dλ4
d λ6√
2
d λ4
2 +
√
2 dλ4
√
2 dλ2 + aλ8

 for b = c = 0
Table 3: Cases as in table 2, but with b = c = 0.
Solution MνR Comments
1


0 2d
c
λ12 0
2d
c
λ12 2
√
2d
c
λ10 + 2a
c
λ12 0
0 0 1

 for b = 0
2


0 d
c
λ12 0
d
c
λ12 λ4 + a
c
λ12 λ2 + d
c
λ8
0 λ2 + d
c
λ8 1

 for b = 0
3


2λ8 0
√
2λ4
0 0
√
2d
c
λ8√
2λ4
√
2d
c
λ8 1 + 2a
c
λ8

 for b = 0
4


0 2d
c
λ12 0
2d
c
λ12 2
√
6d
c
λ10 + 2a
c
λ12 λ2 +
√
2d
c
λ8
0 λ2 +
√
2d
c
λ8 1

 for b = 0
5


λ8 λ
6√
2
λ4
λ6√
2
λ4
2
λ2√
2
+
√
2d
c
λ8
λ4 λ
2√
2
+
√
2d
c
λ8 1 + 2d
c
λ6√
2
+ a
c
λ8

 for b = 0
Table 4: The texture zero solutions of the Majorana mass matrices associated with each
of the Dirac mass textures of table 1 with a large mixing in the 1-2 submatrix, for the
examples with b = 0. Only cases for b = 0 emerge and the solutions for a = b = 0 follow
immediately.
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m−1eff =


1
m1
0 0
0 1−ξ
m2
√
ξ
m2
0
√
ξ
m2
0

 (19)
and thus
sin22θ1 =
4ξ
(1 + ξ)2
. (20)
In the neutrino mixing matrix, we add a large angle, as well as a small one, θe, to explain the
solar neutrino problem 4. The neutrino oscillation probabilities are given in terms of the mixing
matrix
Vtot = V
†
e Vν =


ce −se 0
se ce 0
0 0 1

 ·


1 0 0
0 c1 s1
0 −s1 c1

 (21)
Vtot =


ce −sec1 −ses1
se cec1 ces1
0 −s1 c1

 , (22)
where we take
se ≈
√
me
mµ
≈ 0.07, ce ≈ 1 . (23)
Such an ansatz for the charged leptons is most commonly used and is suggested by the data. A
more general ansatz is definitely more difficult to handle.
It is now straightforward to calculate the oscillations P (να → νβ):
P (νµ → ντ ) = c2e
4ξ
(1 + ξ)2
sin2
m22(1/ξ
2 − 1)x
4Eν
(24)
P (νe → ντ ) = s2e
4ξ
(1 + ξ)2
sin2
m22(1/ξ
2 − 1)x
4Eν
(25)
P (νe → νµ) = sin2 2θe
[
1
(1 + ξ)
sin2
(m22 −m21)x
4Eν
+
ξ
(1 + ξ)
sin2
(m23 −m21)x
4Eν
− ξ
(1 + ξ)2
sin2
(m23 −m22)x
4Eν
]
. (26)
(ii) b = 0
In this case we have
c1 =
√
ξ√
1 + ξ
, s1 =
1√
1 + ξ
, (27)
4Renormalisation group effects cause small deviations from the textures we derive at the GUT scale,
thus small mass differences between the neutrinos (needed for solving the solar and atmospheric neutrino
problems) are created in a natural way from the above textures.
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m−1eff =


1
m1
0 0
0 0
√
ξ
m2
0
√
ξ
m2
1−ξ
m2

 (28)
and again the expression (20) for sin22θ1. The oscillation probabilities for νµ → ντ and νe → ντ
remain the same. For the oscillation νe → νµ we have to substitute ξ → 1ξ .
One may now compare these two possibilities for textures with the data. The atmospheric
neutrino data implies via (11) that ξ in between
ξ1 = 0.23 and ξ2 = 4.4 . (29)
Given that ξ1ξ2 = 1, the value of ξ selected merely determines which of the neutrino masses is
heavier, as well as the magnitude of the masses. Indeed, from m23 =
δm2
1−ξ2 and m
2
2 = m
2
3 − δm2,
we observe that, for a value δm2 ≈ 0.01 eV2 as implied by the atmospheric neutrino data only
values of ξ very near unity would give neutrino masses of order O(1) eV. In particular, one may
see that
m3 ≈ m2 ≈ 1 eV, for ξ = 0.995 . (30)
After accommodating the atmospheric neutrino data, one can turn to the discussion of the solar
neutrino numbers, and in this example we interpret them as νe → νµ oscillations. From (26) we
may obtain an effective sin2 2θeµ. Depending on the size of ξ, the
1
1+ξ or
ξ
1+ξ term dominates.
ξ ≪ 1 : sin2 2θeµ ≈ sin2 2θe 1
1 + ξ
≈ 1.6 · 10−2 , (31)
ξ ≫ 1 : sin2 2θeµ ≈ sin2 2θe ξ
1 + ξ
≈ 1.6 · 10−2 , (32)
when inserting the values of θe and ξ. This is just in agreement with the MSW solution (7).
To satisfy the mass constraints, m1 must be nearly equal to m2. For an average mass m0 ≈ 1
eV, δm212 ≈ 2m0 | m2 −m1 |≈ 10−5eV 2 indicates the need for a very big degeneracy. Such a
high degree of degeneracy is extremely hard to explain from an underlying theory without fine
tuning, unless the masses are forced to such values by symmetries, as we are going to discuss
shortly.
What about neutrinoless double β-decay and the COBE data? For the first one, we obtain
| < mνe > | = |c2em1 + ei(λ2−λ1)s2e
(
c21 −
s21
ξ
ei(λ3−λ2)
)
m2| , (33)
where ei(λ2−λ1) is the relative CP eigenvalue of ν1 and ν2 (the masses here are positive). Taking
ν2 and ν3 to have the same CP eigenvalues (as already discussed in section 2), we obtain
| < mνe > | = |c2em1 + ei(λ2−λ1)s2e
(
c21 −
s21
ξ
)
m2| . (34)
Now we may again study the texture zeroes. With (18) we get
| < mνe > | = c2em1 ≈ m1 = O(1) eV (35)
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which is consistent with the bound (13). The above predictions are consistent with the COBE
data, as well, since the sum of the masses for the parameter range we indicate, can be of order
a few eV’s, as required. An identical situation occurs when the large mixing which explains the
atmospheric neutrino deficit is in the 1− 2 entries of the neutrino mass matrices.
Let us now see how the quoted mass matrices may arise due to symmetries. The model of [14],
which correlates a texture zero in the (1,3) position with a texture zero in the (1,1) position,
is consistent with solutions 1, 2 and 4 of [18]. However, the structures 3 and 5 can also arise
from realistic flavour symmetries [17, 20]. Indeed, in specific GUT groups, the appearance of
zero Clebsch coefficients is to be expected and in [20] we derived the zero texture structures
for the Pati-Salam gauge group combined with a U(1) flavour symmetry. The same is true in
the presence of residual Z2 symmetries, and non-trivial mixing in the Higgs-sector [17]. What
about the Heavy Majorana mass matrices? The structures we need require the presence of more
than one singlet fields of the Σ type; however this is not a problem, as in realistic models many
singlets with different U(1) quantum numbers are expected to appear. Let us then give an
example of how the heavy Majorana mass matrices that we presented in the tables, may arise
from a single U(1) symmetry. Assume the existence of a Σ field with a charge −1 (which makes
the (2,3) entry unity), as well as the existence of a second field Σ′, with charge +2. Then, the
dominant element in the mass matrix will be the one with the biggest absolute power in ǫ¯. In
particular, the elements (2,2), (2,3) and (3,3) still would couple to Σ1 with charge −1, while the
(1,2) and (1,3) will couple to Σ2. Then the matrix will be of the form
MνR/MN =


0 ǫ¯ ǫ¯2
ǫ¯ ǫ¯ 1
ǫ¯2 1 ǫ¯

 (36)
where
MN = m
2
tdλ
4 = m2tdǫ¯/
√
2 (37)
where mt is the top quark mass.
MN = 1.5× 1013 (38)
The structure of the matrix would be that of the example 3a in Table 3. This, as we see, is in
fact the solution with only c = 0 (where the (2,2) element is of order ǫ¯, and ǫ¯ = λ4/
√
2).
¿From neutrinoless double beta decay one can extract the limit [22]
| < 1/MNe > |−1 ≥ 1.6× 105 (39)
This arises when the heavy intermediate Majorana neutrinos become dominant.By diagonalizing
the matrix MνR we find
| < 1/MNe > | = |
3∑
i
(Uei)
2(1/MNi)e
iλi | (40)
where MNi are the heavy eigenmasses. Using ǫ¯ = .23 we find
| < 1/MNe > | = 1/.0118MN (41)
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which leads to
| < 1/MNe > |−1 = 1.6 × 1011 (42)
which is consistent with the above bound and shows that in our model the heavy right handed
neutrino contribution is unobservable in neutrinoless double beta decay.
4 Summary
It is possible to derive simple Majorana mass matrices of right-handed neutrinos, which may
explain the neutrino experimental data (atmospheric neutrino oscillations, solar neutrino oscil-
lations in the MSW approach, neutrinoless double β-decay and the COBE data). This requires
the existence of a right handed neutrino Majorana mass matrix MνR with a scale (10
12 − 1013)
GeV. The solution of the atmospheric neutrino puzzle resides in a large mixing stemming from
the neutrino mass matrix. Some type of unification or partial unification implying mDν ∼ mu
was adopted. Along these lines, one can make a classification of heavy Majorana mass matrices,
that for a particular type of neutrino (and up-quark) Dirac mass matrix are consistent with the
data.
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